We define and compute the L 2 metric on the framed moduli space of circle invariant 1-instantons on the 4-sphere. This moduli space is four dimensional and our metric is SO(3) × U (1) symmetric. We study the behaviour of generic geodesics and show that the metric is geodesically incomplete. Circle-invariant instantons on the 4-sphere can also be viewed as hyperbolic monopoles, and we interpret our results from this viewpoint. We relate our results to work by Habermann on unframed instantons on the 4-sphere and, in the limit where the radius of the 4-sphere tends to infinity, to results on instantons on Euclidean 4-space.
Introduction
In field theories with topological solitons, moduli spaces of solitons typically inherit a natural L 2 metric from their embedding in the infinite-dimensional configuration space of the field theory [12] . The explicit determination of this metric is difficult, and often only possible via indirect methods relying on special properties like Kähler or hyperKähler structures. This is the case for some of the best-studied examples, like the moduli spaces of abelian Higgs vortices or of BPS monopoles.
There are few cases where non-trivial metrics on moduli spaces can be obtained by a parameterisation of the moduli space and an explicit computation of the integrals which define the L 2 metric. Examples include the moduli spaces of two P 1 (C) lumps on Euclidean 2-space [16] , of a single P 1 (C) lump on the 2-sphere [14] , and of a single instanton on Euclidean 4-space or on the 4-sphere [7, 9, 10] . Both for lumps and instantons, the conformal invariance of the defining equations allows one to switch from Euclidean to spherical geometry without changing the fields (and hence the moduli spaces). However, the L 2 metric depends on the spatial geometry, and is more particularly interesting in the spherical case.
In this paper we study the framed moduli space of circle invariant instantons on the 4-sphere. One motivation stems from the correspondence between circle invariant instantons and hyperbolic monopoles [1] . Since the L 2 metric on the moduli space of hyperbolic monopoles diverges it has not yet been possible to determine the adiabatic dynamics of hyperbolic monopoles from the geometry of their moduli space, despite several efforts. As we shall explain, the metric we compute here can, in a certain sense, be viewed as an answer to this problem.
A second motivation, which is at the same time more straightforward and more fundamental, is that circle invariant instantons on the 4-sphere provide a natural setting for exhibiting and studying the various issues associated with the framing of moduli spaces for gauge theories on a compact manifold.
Framing essentially amounts to declaring the value of gauge transformations at a chosen point as 'physically relevant' and including it in the moduli space. It is often natural to do this for moduli spaces of topological solitons in gauge theories since framing restores overall degrees of freedom which are otherwise only visible as a relative phases in multi-soliton moduli spaces.
In order to compute the L 2 metric on the framed moduli space, one requires the values of gauge transformations not only at the chosen point but on the entire manifold. On R 4 , the chosen point is usually 'infinity' and the gauge transformations on the entire manifold are determined via Gauss's law. However, on a compact (oriented, simply connected) 4-manifold, Gauss's law has no non-trivial solutions, so that the generator of 'physically relevant' gauge transformations has to be constructed differently. In this paper we propose a natural and explicit construction of this generator as the vertical component, in the decomposition determined by the connection, of the vector field generating the circle action on the total space of the instanton bundle.
Our framing prescription equips the moduli space with an additional circle. This fits well with the interpretation of circle invariant instantons as hyperbolic monopoles where framing also leads to an additional circle of gauge transformations, generated by the Higgs field of the monopole. In fact we will show how to obtain this Higgs field directly from our construction.
The moduli space of all 1-instantons on the 4-sphere, as defined and studied in detail in [9, 7] , is 5-dimensional, with one parameter for the scale of the instanton and four for its position on the 4-sphere. The moduli space of circle-invariant instantons can be identified with a submanifold of this space. In fact, invariance under a circle action forces the centre of the instanton to lie on a fixed 2-sphere inside the 4-sphere, and therefore cuts down the total number of parameters to three. As we shall see, the restriction to circle-invariant instantons is mathematically very natural. In particular we show that, in a description of the instanton gauge fields in terms of quaternions, it essentially amounts to replacing quaternionic parameters with complex ones.
The framed moduli space of circle invariant instantons is therefore a 4-dimensional Riemannian manifold, and we shall see that the additional circle allows for a much more interesting geodesic behaviour than that on the unframed moduli space. In fact, the qualitative behaviour of geodesics is remarkably similar to that found for a single lump on a 2-sphere in [14] .
Throughout this paper we work on a 4-sphere of arbitrary radius R. This allows us to obtain the L 2 metric of the moduli space of instantons over Euclidean R 4 in the limit R → ∞. While this limit has been investigated before [10] , our treatment is more direct and explicit.
Our paper is organised as follows. In Section 2 we review some basic material about instantons. In particular we introduce two convenient parameterisations of the moduli space of 1-instantons and explicitly describe their relation and geometrical meaning. In Section 3 we carefully define the notion of circle invariance and describe the framed moduli space of circle-invariant 1-instantons, which turns out to be a trivial circle bundle over an open 3-ball. In Section 4, we define and compute the L 2 -metric on this moduli space. The resulting metric has an SO(3) × U (1) symmetry, is non-singular but incomplete and has positive, non-constant scalar curvature. We then discuss some properties of this metric and the behaviour of its geodesics. In the short final Section 5 we discuss our results and draw some conclusions.
Preliminaries
In this section we recall some material about instantons on the 4-sphere. We introduce two convenient parameterisations of the moduli space of 1-instantons, discuss their geometrical meaning, and describe the framed moduli space. Readers interested in more details on this background material can consult e.g. [13, 7, 8, 2] .
Instantons on S 4 R
We consider pure SU (2) Yang-Mills theory on S 4 R , the round 4-sphere of radius R. We are keeping R arbitrary as we will be interested in the limit R → ∞. It is convenient to identify S 4 R with the quaternionic projective plane P 1 (H). Our conventions for quaternions, which are mostly standard and follow those in [13] , are described in Appendix A, where we also introduce the quaternionic-valued matrix groups we shall consider in this paper, namely SL(2, H), Sp(2) and Sp (1) . The quaternionic projective plane can be defined as the quotient of the 7-sphere by the group Sp(1) SU (2) of unit quaternions,
2 ) = (q 1 h, q 2 h) for some h ∈ H, |h| = 1.
Moreover, we identify SU (2) with Sp(1), and Euclidean R 4 with the space H of quaternions carrying the flat metricĝ = dq dq.
The manifolds S 4 R and P 1 (H) are diffeomorphic, but the metric
on P 1 (H) inherited via Hopf projection from the standard metric on C 4 is one quarter of the round metric on S 4 R . The advantage of working with (3) is that it converges toĝ in the limit R → ∞.
Our mathematical framework is that of a principal bundle with a connection ω on it. We will focus on the principal bundle P given by
The total space of P is a 7-sphere of radius √ R which is mapped onto P 1 (H) by the Hopf projection. Let
be the map corresponding to stereographic projection from the north pole of S 4 R , see Appendix B for more details. We will frequently consider the pullback bundleP = (φ −1 N ) * P . A connection ω on P is uniquely determined by the gauge potential A = σ * ω, where σ is a section of the pullback bundleP . In fact, it follows from the standard theory of principal bundles and connections, see e.g. [13] , that ω is determined by the pair {σ * ω, τ * ω}, where τ is a local section of P over P 1 (H)\{[0, R]}. On the intersection P 1 (H) \ {[R, 0], [0, R]} of the domains of the local sections σ and τ , the gauge potential τ * ω can be expressed in terms of σ * ω and of the transition function between the two sections, and at the remaining point [0, R] it is determined by continuity.
If ζ is some object defined on P , we denote byζ = (φ −1 N ) * ζ the corresponding object onP , and vice versa ifξ is some object defined onP , we denote by ξ = (φ N ) * ξ the corresponding object on P . On Λ p (P 1 (H), ad(P )) we take the L 2 inner product
and denote by || · || the induced norm. Ifζ,ξ ∈ Λ p (H, sp(1)), we define
with * the Hodge operator with respect to the metricĝ, and by |ζ| 2
The curvature of a connection defines the field strength F ∈ Λ 2 (P 1 (H), ad(P )), with ad(P ) the linear adjoint bundle P × ad sp (1) . By remarks similar to those made above, F is uniquely determined by the field strength (φ −1 N ) * F induced by F onP . A connection ω is said to be a Yang-Mills connection if d ω * F = 0, to be anti self-dual if its field strength satisfies the anti self-dual Yang-Mills (ASDYM) equations * F = −F , and to be self-dual if * F = F , with * the Hodge operator with respect to the metric (3) on P 1 (H). Because of the Bianchi identities, a self-dual/anti self-dual connection is a Yang-Mills connection. A non-singular self-dual/anti self-dual connection with finite action is called an instanton.
Principal Sp(1) bundles over P 1 (H) are classified by the second Chern number, the integer
The quantity −c 2 is known as instanton number. By the usual Bogomolny argument the Yang-Mills action can be written as
Therefore, for each value of c 2 , instantons are absolute minima of the Yang-Mills action which takes the value 8π 2 |c 2 |. Note that the Yang-Mills action is conformally invariant. The first non-trivial solution of the ADSYM equations was discovered by Belavin, Polyakov, Schwartz and Tyupkin [3] and has instanton number one. In quaternionic notation this solution, which we call the standard instanton, is given bŷ
We regard it as the pullback toP of the corresponding gauge potential on P 1 (H). The moduli space of Yang-Mills instantons on a principal Sp(1) bundle over P 1 (H) is defined to be M = A − /G, where A − is the space of anti self-dual connections and G the group of bundle automorphisms,
acting on a connection by pullback. We say that two connections ω, ω are equivalent if ω = f * ω for f ∈ G. We recall that a bundle automorphism f determines and is determined by either the ad-equivariant map g f : P → Sp(1) defined by (12) or by the map h f :
The moduli space M n of instantons with instanton number n is a smooth manifold of dimension 8n − 3 [2] . Because of the conformal invariance of the ASDYM equations and of Uhlenbeck's removable singularities theorem [15] , M n is diffeomorphic to the moduli space of Yang-Mills instantons with instanton number n on a principal Sp(1) bundle over H. 1 Let us consider the case n = 1. Since the ASDYM equations are conformally invariant in 4-dimensions, it is natural to consider the action of the conformal group of the 4-sphere SO(5, 1) on solutions of the ASDYM equations. The double cover Spin(5, 1) = SL(2, H) of SO(5, 1) acts on S 7
where |g −1 (q 1 , q 2 )| = |aq 1 + bq 2 | 2 + |cq 1 + dq 2 | 2 , and induces an SL(2, H) action on the space A of connections given by
where ρ g = ρ(g, ·). We pull back by ρ g −1 in order to obtain a left action. Note that ρ descends to an actionρ of SL(2, H) on P 1 (H), given by
Elements ±g ∈ SL(2, H) induce the same transformation on P 1 (H), whence the group homomorphism g →ρ g is surjective with kernel ±I. In other words, only SL(2, H)/Z 2 acts faithfully on P 1 (H). The isometry group SO(5) of the 4-sphere has Spin(5) Sp(2) ⊂ SL(2, H) as its double cover. Consider the canonical connection ω R std on S 7
where we need to divide by R to keep into account the fact that the connection is defined on a sphere of radius √ R rather than unitary. The action of SL(2,
It is easy to check that the stabiliser of ω R std is Sp(2). For later use, we derive the induced action on gauge potentials. Let V N = {[q 1 , q 2 ] ∈ P 1 (H) : q 2 = 0}, take the section
1 A Yang-Mills instanton on a Sp(1) principal bundle over H is an anti self-dual connection whose field strength has finite L 2 norm. Because of the latter condition, the second Chern number is still defined by (8) .
of the principal bundle P and compose it withφ −1 N to obtain a section s ofP ,
The pullback via s of the canonical connection ω R std iŝ
In particular for R = 1, we get the standard instanton (10) on S 4 . The pullback via s of (18), for g −1 as in (14) , iŝ
(22) We also write g ·Â R for the gauge potential obtained pulling back g · ω R std by s as above. We writeF R g = dÂ R g +Â R g ∧Â R g for the field strength associated toÂ R g .
Two parameterisations of M 1 and their geometrical meaning
It was shown in [2] that the action of SL(2, H) on M 1 , the (unframed) moduli space of 1-instantons, is transitive with stabiliser Sp(2), so that M 1 is diffeomorphic to SL(2, H)/Sp (2) . By choosing a convenient parameterisation of SL(2, H) we obtain a corresponding description of M 1 . We now review two such descriptions, both given in [13] , and interpret them geometrically. The first corresponds to the Iwasawa decomposition
where
The factor of R has been inserted in order for the parameters ν, n to retain their usual meaning of scale and centre of an instanton, defined below, for instantons on a 4-sphere of radius R. The action of elements in N A onÂ R is
By computing the gauge invariant quantity |F R g | 2 H one can verify that as g = b n a ν varies in N A, the corresponding gauge potentials are all inequivalent. It follows that
is diffeomorphic to {(n, ν) ∈ H × R : ν > 0}, i.e. the upper half space ν > 0 in R 5 . Since N A = N A is a semidirect product, its action on a point (n, ν) of the moduli space is given by (n, ν)
This parameterisation is well suited to instantons on H, where the interpretation of the parameters ν and n is particularly clear. The action density −Tr(F ∧ * F ) has an absolute maximum for q = n. Exactly one half of the total action, 4π 2 for instanton number one, is obtained by integrating the action density over the ball of centre n and radius ν. Therefore, n can be thought as the centre of the instanton and ν as its scale.
The second parameterisation is obtained from the decomposition
where A is the subset of A given by
To parametrise M 1 it is convenient to write Sp(2) as the union of its left cosets g(Sp(1)× Sp(1)), g ∈ Sp(2). The action of Sp(2) on P 1 (H) is transitive with stabiliser Sp(1) × Sp(1), the double cover of SO(4).
The action of {g m : m ∈Ĥ} on P 1 (H) is free and transitive. Therefore
where we used [A , Sp(1) × Sp(1)] = 0 and (Sp(1) × Sp(1))Sp(2) = Sp (2) . Note that {g m : m ∈Ĥ} is not a subgroup of Sp (2) .
For future reference, the gauge potential obtained pulling back a λ · ω R std via s iŝ
By computing |F R g | 2 H , with g = g m a λ , it is possible to verify that the instanton with parameters m ∈Ĥ, λ ∈ (R, ∞) is equivalent to the one with parameters −R 2 /m, R 2 /λ.
Hence we obtain all the inequivalent instantons by restricting λ to the interval (0, R].
is diffeomorphic to the open ballB 5 R with radius R. The fixed point of the Sp(2) action occurs for λ = R, which corresponds to the standard instantonÂ R . The boundary of B 5 R parametrises singular "small" instantons for which λ = 0 and is not part of M 1 . A sketch of the moduli space can be found in Figure 1 . The parameterisation (35) is better suited to instantons on P 1 (H). To the best of our knowledge, its geometrical meaning has not been described in the literature, so we shall spend a few words doing so. For this purpose, it is convenient to temporarily view P 1 (H) as the 4-sphere S 4 R . The centre c and scale l of an instanton on S 4 R are defined similarly to the centre and scale of an instanton on H, c being the location of the absolute maximum of the action density, and half of the action density being enclosed in the ball B of radius l and centred at c (with respect to the metric on S 4 R induced by Euclidean metric on R 5 ). Note that the value of l is equal to the length of the shortest great circle arc connecting c to any point on the boundary of B, see Figure 2 .
For p ∈ S 4 R , denote byp the antipodal point and by φ p : S 4 R → H the stereographic projection from p. We write N for the north pole (0, 0, 0, 0, R). 
where p l is any point on S 4 R at distance l from c. Equivalently
Proof. Equation (36) can be easily proved for c the south pole and l ≤ Rπ/2. Then m = 0, λ ≤ R and using (34) we have
Thus in this case m and λ coincide with the centre and scale of an instanton on H.
Since stereographic projection is a conformal transformation and the action density −Tr(F ∧ * F ) is conformally invariant, the stated properties of c and l follows from those of their stereographic projections. The result generalises to any other value of c and l as the action density is invariant under the Sp(2) action. Equation (37) follows immediately from Figure 2 and the fact that l/(2R) is the angle ∠cc p l .
Unless m = 0 and 0 < λ ≤ R, the (stereographic projection of the) centre and scale on S 4 R of an instanton are different from the centre and scale on H of the same instanton. This is apparent since, unless c is the south pole, stereographic projection of a ball on
R with centre c will not be a ball in H. For example, the projection of any hemisphere not opposite to the north pole is a half space.
We can now see the geometry behind the condition λ ≤ R. Suppose an instanton had centre c and scale l > Rπ/2. The volume of a ball on S 4 R with centre c and radius l is greater than half the surface area of S 4 R . The smaller complementary ball, centred at the antipodal pointc and with radius Rπ − l, also contains half of the action, hence the true centre of the instanton isc and its true scale is Rπ − l. In terms of projected
To relate the two parameterisations we consider the isometry ψ :
mapping the half space model of hyperbolic 5-space with sectional curvature −1/R 2 to the open ball model. We denote by
the norm of the point ψ(ν, n) ∈B 5 R with respect to the Euclidean metric on R 5 .
Lemma 2. The parameterisations (27) and (35) are related by the equations
with φ 1 N the stereographic projection from the north pole of the unit 4-sphere.
Proof. Let g ∈ SL(2, H), then for some a λ ∈ A , a ν ∈ A, b n ∈ N , u, u ∈ Sp(2) we have
Both (g m a λ g † m ) and b n a ν (b n a ν ) † are Hermitian positive definite matrices, therefore by the uniqueness of polar decomposition we have u = g m u (which we are not interested in) and
Evaluating both sides of (44) and using (39), (40) yields the result.
Note how in the R → ∞ limit m → n, λ → ν so that the two parameterisations become equivalent.
Circle-invariant instantons
In this section we define what is meant for an instanton to be circle-invariant and find the subspace of M 1 corresponding to circle-invariant instantons. We also discuss framing and the relation with hyperbolic monopoles.
The notion of circle invariance
The group SO(5) naturally acts on S 4 R ⊂ R 5 by matrix multiplication, and a circle action is obtained by taking an SO(2) subgroup V ⊂ SO(5). The V action on S 4 R induces, through the diffeomorphismπ
The element u ϕ ∈ U corresponding to an element g ϕ ∈ V is defined up to sign by the requirement
whereρ is the action (16), and φ N andφ N are the stereographic projections from S 4 R and P 1 (H) to H, see again Appendix B.
For definiteness, we consider the following SO(2) subgroup of SO (5),
Introducing global coordinates (x, y, z, w) ∈ R 4 on H by expanding a quaternion as q = x + yi + zj + wk, the transformation induced on
Therefore (45) gives
We lift the U action on P 1 (H) to an action on S 7 √ R by restricting the SL(2, H) action ρ given in (14) to U ⊂ SL(2, H),
It follows from the explicit matrix representation of i in (207) that the weight of the lifted circle action is 1/2. We call a connection circle invariant if it is strictly invariant under the action (51), and denote by A
the space of circle invariant anti self-dual connections. A different, generally weaker, notion of circle invariance is obtained by requiring a connection to be invariant up to bundle automorphisms under any lift of the U action on P 1 (H) to an action on S 7 √ R . However, for the case of 1-instantons on P 1 (H) it is easy to check (proceeding along the lines of the proof of Proposition 4) that invariance up to bundle automorphisms reduces to strict invariance.
In the rest of the paper we write ρ u or ρ ϕ for the action (51) of an element
on the total space S 7 √ R , andρ u orρ ϕ for the action (16) of the same element on the base P 1 (H). We denote the vector fields generating this circle action on S 7 √ R by ξ and on P 1 (H) byξ. Acting on the coordinate functions q 1 , q 2 on S 7
Equivalently, with q 1 = x 1 + y 1 i + z 1 j + w 1 k and q 2 = x 2 + y 2 i + z 2 j + w 2 k, we obtain the coordinate expression
while, in terms of the stereographic coordinate q = x + yi + zj + wk for P 1 (H), we deduce from (47) thatξ
Let us check what circle invariance implies for a gauge potential on H.
ThenÂ is invariant up to gauge transformations under the U action.
Proof. As ω is circle-invariant, for u ∈ U,
Since ρ u −1 • σ is not a section ofP , we rewrite (57) aŝ
We will show in Section 3.2 that all circle invariant 1-instantons are of the form g·ω R std , with g in the group N ⊂ SL(2, H) defined in Theorem 6. Using (22) one can then easily check that for any section σ ofP ,
hence h = exp(−iϕ/2) for all circle invariant 1-instantons.
The moduli space of circle invariant 1-instantons
Denote by A − 1c the space of circle invariant anti self-dual connections with instanton number one. We say that an automorphism f ∈ G preserves circle invariance if
where G c the group of bundle automorphisms preserving circle invariance, which we characterise in Lemma 4 below. The space M 1c can be identified with a subspace of M 1 since the map
mapping an equivalence class in M 1c to an equivalence class in M 1 is well defined and injective, for if
Proposition 4. The group G c consists of U-equivariant bundle automorphisms,
where G is the group of bundle automorphisms defined in (11).
Proof. For any ω ∈ A − 1c , f ∈ G, f * ω is circle invariant if and only if, for all u ∈ U,
Let K be the intersection of the stabilisers of all the circle invariant 1-instantons. Since
For g f the ad-equivariant map associated to f defined in (12), we can rewrite this as
By projecting onto the base we see that a = ±Id, the only elements of Sp (2) which do not move base points. Since the equality g f (ρ u −1 (p)) = ±g f (p) must hold for all u ∈ U, it follows a = Id, so that g f is constant on the U orbits. Hence
which is the claimed equivariance property of f .
hence f * ω is circle invariant.
Let f , ∈ R and f 0 = Id P , be a 1-parameter family of bundle automorphisms, and g f the ad-equivariant function associated to f by (12) . Differentiating, we obtain the ad-equivariant function
To any function X : P → g is associated a vertical vector field X , defined via
It then follows from the ad-equivariance of X f that the vector field X f is Sp(1) rightinvariant. We call both X f and the associated ad-equivariant map X f infinitesimal bundle automorphisms. Combining these considerations, and recalling the definition (54) of the generator ξ of the U action on P , we note: 
Proof. This follows directly from the observation, made in the proof of Proposition 4, that the ad-equivariant maps g f associated to circle invariance preserving bundle isomorphisms f are constant on U orbits.
Since the action of SL(2, H) on M 1 is transitive with stabiliser Sp(2), it follows that
where N is the subgroup of SL(2, H) acting transitively on A − 1c . We are now going to determine N , but first introduce some notation.
By identifying the unit quaternion i with the complex number i = √ −1 we obtain a splitting H = C ⊕ Cj. We call a quaternion q complex and write q ∈ C if q is of the form q = x + yi. We write q ∈ Cj if q = zj + wk.
Proof. For g ∈ SL(2, H), g · ω R std is circle invariant if and only if, for all u ∈ U,
Let
Decompose a into its C and Cj parts, a = a 1 + a 2 j, a 1 , a 2 ∈ C, and similarly for b, c, d. Using (18), we find that (75) implies
Multiplication by j from the right gives a bijective correspondence between C and Cj, and all circle invariant instantons can be obtained by taking a, b, c, d ∈ C. In fact, let e.g.ã = a j,b = b j with a, b ∈ C. Since |ãq 1 +bq 2 | = |āq 1 +bq 2 |,bã = bā, it follows from (18) that taking a, b ∈ Cj results in the same instanton as taking a, b ∈ C. Therefore the group
where the condition |ad − bc| = 1 follows from S ⊂ SL(2, H), acts transitively on A − 1c . If g ∈ S, by factoring out a phase u ∈ U we can write g = hu, with h ∈ S, h 11 h 22 − h 12 h 21 = 1. Hence S = N U. By definition, circle-invariant instantons are invariant under the action of U, hence N also acts transitively on A − 1c .
Corollary 7. The moduli space M 1c of circle invariant Sp(1) instantons on P 1 (H) with instanton number one is diffeomorphic to the quotient
Proof. The group N is clearly isomorphic to SL(2, C). Also
which is isomorphic to SU (2). The result then follows from (73) and Theorem 6.
Proceeding similarly as in Section 2.2, we now obtain two useful parameterisations of M 1c in terms of different decompositions of SL(2, C). The analogue of (32) is
It follows
The moduli space of circle-invariant 1-instantons is therefore diffeomorphic to the open ballĈ × (0, R] ∼ S 2 × (0, R] =B 3 R parameterised by m and λ. The boundary λ = 0 is not included in the moduli space and corresponds to singular "small" instantons.
For future convenience, we introduce a different parameterisation of g m . Write
The angles α, β parameterise a 2-sphere in the moduli space. Apart from the smaller dimension, the moduli space structure is entirely similar to that of M 1 and, with the obvious changes, Figure 1 still applies. Note that R − λ, rather than λ, is the radial coordinate onB 3 R . We group the parameters (λ, α, β) into the vector
Making use of the Iwasawa decomposition of SL(2, C),
with A = {diag( ν/R, R/ν) : ν > 0},
we get the alternative description of the moduli space
which is diffeomorphic to the upper half space {(n, ν) ∈ C × R : ν > 0} ⊂ R 3 . Let us pause to interpret these results. Consider a point (λ, m) ∈B 5 R of the moduli space of (not necessarily circle-invariant) instantons. By computing
with u = diag(exp(iϕ/2), exp(iϕ/2)) ∈ U, one can check that the effect of the circle
It is therefore clear that, for our choice of the circle action, an instanton can be circleinvariant if and only if m ∈ C. With respect to the foliation ofB 5 R \{0} by 4-spheres, this condition on m selects for each 4-sphere the equatorial 2-sphere which stereographically projects to C ⊂ H = C ⊕ Cj. For this reason we obtain M 1c B 3 R as a subspace of the full moduli space M 1 B 5 R . The full symmetry group SL(2, H) of the Yang-Mills action acts on M 1 (with only SL(2, H)/Z 2 SO(5, 1) acting effectively). If H is the stereographic projection of any of the 4-spheres foliating M 1 , the circle action induces a splitting H = C ⊕ Cj and only the subgroup of SL(2, H) preserving this splitting acts on M 1c . This is (after factoring out U which fixes circle invariant instantons) the subgroup N SL(2, C) of SL(2, H). In other words, given a subgroup SO(2) of SO(5, 1) SL(2, H)/Z 2 , invariance with respect to the SO(2) action selects the SO(3, 1) SL(2, C)/Z 2 subgroup of SO(5, 1) commuting with the given SO(2).
Similar remarks can be made for the moduli space parameterisation (89). The effect of the circle action on a point (ν,
so that circle invariance forces n to lie in C. For an instanton on H this is the intuitive condition that the centre of a circle-invariant instanton cannot have any component in the plane which is being rotated.
Framing and monopoles
It is convenient to enlarge the moduli space M 1 of Sp(1) Yang-Mills 1-instantons on P 1 (H) by choosing a framing point x 0 ∈ P 1 (H) and defining the framed moduli space
where A − 1 is the space of anti self-dual 1-instantons and
The framed moduli space is fibered over M 1 with fibre the structure group modded out by its centre.
For circle invariant instantons, we require x 0 to be fixed by the circle action. We shall take x 0 = [R, 0] as our framing point. The framed moduli space of circle invariant 1-instantons is
Because of the condition (72), the framed moduli space M f 1c is fibered over M 1c with U (1), rather than SO(3), fibres and is diffeomorphic to the trivial
We will now give an explicit description of the U (1) factor in the framed moduli space of circle invariant instantons. In particular, we will show how to obtain it directly from the generator ξ (55) of the U (1) subgroup U which defines our notion of circle invariance. The idea is to view the vertical component ξ v of ξ as an infinitesimal bundle automorphism, and to show that the bundle automorphism it generates preserves circle invariance and is non-trivial on the fibre over the framing point x 0 .
By definition, the vertical and horizontal components of ξ with respect to a given circle invariant connection ω satisfy
The vertical component can be calculated according to
with defined in (71). In order to study the properties of ξ v , we define the Higgs field Φ :
Since ξ is left generated, it is Sp(1) right invariant. Thus, for any p ∈ P , g ∈ Sp(1),
Hence Φ is ad-equivariant, and so is exp(Φ ϕ) : P → Sp(1) for any ϕ ∈ [0, 4π). Therefore, the Higgs field defines a 1-parameter family of bundle automorphisms {Φ ϕ : ϕ ∈ [0, 4π)}, with Φ ϕ the bundle automorphism associated to exp(Φ ϕ) via (12).
Lemma 8. For any ϕ ∈ [0, 4π) the bundle automorphism Φ ϕ = exp(Φ ϕ) preserves circle invariance.
Proof.
Since ω is circle invariant, L ξ ω = 0, hence
Since ξ is left generated while i , j , k are right generated, [
Therefore [ξ, ω(ξ) ] = 0 so that, by Corollary 5, Φ ϕ is an element of G c .
Next we would like to show that, for ϕ = 0, Φ ϕ is a non-trivial element of G c , that is, does not vanish on the fibre π −1 ([R, 0]). In fact, we will prove the stronger property that |Φ| is constant with value 1/2 on P | S , where S is the fixed points set of ξ. Let us first characterise S.
and stereographic projection gives the condition
which in turn implies
Therefore, S is the 2-sphere
Writing
becomes r 1 r 2 h 1h2 ∈ C, hence h 1 = zh 2 for some z ∈ C, |z| = 1. Therefore
the equivalence relation being left multiplication by a unit complex number.
Proposition 9. The Higgs field Φ has constant norm 1/2 on P | S . In particular, for any ϕ ∈ (0, 4π) the bundle automorphism Φ ϕ = exp(Φ ϕ) determines a non-trivial element of G c /G 0c .
Proof. Let p ∈ P be such that π(p) ∈ S. Then ξ p is purely vertical,
for some L p ∈ sp(1). The value of the Higgs field at p is then
We now need to determine L p . The infinitesimal circle action on a point p = (q 1 , q 2 ) ∈ P is obtained by acting with ξ, hence by (54)
For (q 1 , q 2 ) ∈ π −1 (S), ξ (q 1 ,q 2 ) is purely vertical, hence the left action of ξ in (110) has to be equal to the right action of
Because of (107),
so that
and |Φ(q 1 , q 2 )| = 1/2.
In order to link our discussion to hyperbolic monopoles, we need to pull back Φ to a circle invariant field φ (3) : P 1 (H) \ S → sp(1). Since Φ is U invariant, pulling back via a local section σ : W ⊂ P 1 (H) \ S → P which intertwines the circle actions,
would result in a circle-invariant function on W ⊂ P 1 (H) \ S. However, it is easy to see that there can be no local section satisfying this requirement, since (with the notation introduced after (53))ρ 2π = Id P 1 (H) but ρ 2π = −Id P . However, such a section does exist for the SO(3) principal bundle P/Z 2 , where Z 2 acts on P as in (14), as we will show by construction in (122) below. This is sufficient for our purposes since both ω and ξ are invariant under the Z 2 action and descend to P/Z 2 . We sum up the situation as follows.
Lemma 10. Let ω be a circle invariant connection on P , Φ = ω(ξ) the associated Higgs field and σ a local section of P/Z 2 which satisfies (114). Then Lξ(σ * Φ) = 0 and Lξ(σ * ω) = 0.
Moreover
Proof. The equations (115) are simply the infinitesimal versions of the circle invariance of the pull-backs of the connection ω and the Higgs field. Both follow directly from the intertwining properties of the local section and the circle invariance of ω and Φ. The relation (116) follows from
Let us finally come to the relation with hyperbolic monopoles [1] . There is a conformal isometry
R
of sectional curvature −1/R 2 . In coordinates
Here x, y, z, w are coordinates on H, |q| 2 = x 2 + y 2 + z 2 + w 2 and (ρ, ϑ) are polar coordinates on the (z, w)-plane. In these coordinates the vector fieldξ (56) is simply ∂/∂ϑ. The removed 2-sphere is the set S of fixed points of theρ action of V, and is characterised by (106). It corresponds to the (x, y)-plane ρ = 0 and its point at infinity [R, 0], and is mapped by the conformal isometry to the asymptotic boundary of H 3 R . More precisely, S \ [R, 0] is mapped to the plane ρ = 0 in H 3 R , and [R, 0] corresponds to all the points at infinity on H 3 R , both those on the plane ρ = 0 and those having ρ > 0. Let ω be a circle invariant connection satisfying the ASDYM equations on P 1 (H) \ S, and σ a local section of P/Z 2 satisfying (114). We introduce the notation
By Lemma 10, Rφ (3) = (σ * ω)(∂/∂ϑ), hence
Because of the conformal invariance of the ASDYM equations, A (3) , φ (3) satisfy the Bogomolny equations for a hyperbolic monopole,
with F (3) the curvature of A (3) and * H 3 R the Hodge operator with respect to the hyperbolic metric. Therefore, a circle-invariant instanton on P 1 (H) can be re-interpreted as a monopole on H 3 R . In general the instanton number I, the monopole number k and the weight of the circle action µ are related by the equation I = 2kµ [1] . For our choice of the lift µ = 1/2 so that I = k = 1.
Note that above a fixed point (72) becomes [X f , Φ] = 0. Therefore, the fact that the fibre of the framed moduli space M f 1c is U (1) instead of Sp(1)/Z 2 is particularly natural from the monopole perspective: allowed infinitesimal bundle automorphisms must commute with the asymptotic value of the Higgs field.
For future reference, we would like to write down the hyperbolic monopole associated to the circle invariant connection a λ · ω R std with moduli α = β = 0 but generic λ dependence. As expected, the section s of the pullback bundleP given in (20) does not satisfy the intertwining condition (114). However, with ϑ again denoting the polar coordinate of q in the (z, w)-plane, the section σ ofP /Z 2 given by
does. For the connection a λ · ω R std we have, forÂ λ = s * (a λ · ω R std ) as in (34),
Hence we can read the monopole Higgs field and gauge potential,
We can now see that lim
confirming that the weight of the lifted circle action is 1/2. According to Lemma 10, Rφ
λ can be also calculated as σ * ((a λ · ω R std )(ξ)). In fact, using (18) and (55),
4 The L 2 metric on M f 1c and its geodesics
In this section we first compute the L 2 metric on M f 1c and examine its properties, then study geodesic motion on M f 1c , which approximates the adiabatic dynamics of circleinvariant 1-instantons on S 4 R .
The tangent space T [ω] M f 1c
It will be convenient to think of bundle automorphisms as elements of Λ 0 (P 1 (H), Ad(P )), where Ad(P ) is the non-linear adjoint bundle P × ad Sp(1), while we keep denoting by ad(P ) the linear adjoint bundle P × ad sp(1). We write Λ p ad (A, B) for the ad-equivariant p-forms on A with values in B. Recall that there are isomorphisms
The first isomorphism is given by (12) , and the second by (13) . At the infinitesimal level (128) becomes
where X v R (P ) denotes the vertical right invariant vector fields on P . The isomorphism X v R (P ) Λ 0 ad (P, sp (1)) is given by (71), the isomorphism between Λ 0 ad (P, sp (1)) and Λ 0 (P 1 (H), ad(P )) is analogous to (13) .
As customary, we make the identification
where T [ω] M 1 is the tangent space to M 1 at an equivalence class of connections [ω], P + = (Id + * )/2 is the projection operator onto the space of self-dual 2-forms and d † ω = − * d ω * is the formal adjoint of d ω with respect to ·, · . The condition P + •d ω υ = 0 is simply the linearised version of anti self-duality. The condition d † ω υ = 0 encodes orthogonality to the (tangent space to) the gauge group orbits. For more details see e.g. [7, 13] . To obtain T [ω] M 1c we require both ω and υ to be circle invariant, that is
The framed moduli space is locally a product, so its tangent space at [ω] is the direct sum of T [ω] M 1c and of the tangent space T [ω] F 1c to the framed directions which we now describe. In a neighbourhood of Id P , an automorphism of P , viewed as an element of Λ 0 (P 1 (H), Ad(P )), can be written in the form exp Λ, Λ ∈ Λ 0 (P 1 (H), ad(P )). Its action on a connection ω is, to the linear level, ω → ω + d ω Λ. Quotienting out by the action of G 0 we have
Here Λ 0 c (P 1 (H), ad(P )) is the subspace of Λ 0 (P 1 (H), ad(P )) consisting of elements for which the associated vector field in X v R (P ) satisfies (72), and Λ 0 c0 (P 1 (H), ad(P )) is the subset of Λ 0 c (P 1 (H), ad(P )) consisting of sections which vanish at the framing point x 0 . The equivalence relation in (131) is
However, a non-trivial anti self-dual connection on P 1 (H) is irreducible and, for irreducible anti self-dual connections, d ω : Λ 0 (P 1 (H), ad(P )) → Λ 1 (P 1 (H), ad(P )) is injective [6] . Therefore, equivalently,
where the equivalence relation
The inner product ·, · on Λ 1 (P 1 (H), ad(P )) given in (6) is manifestly invariant under bundle automorphisms. This, and the identification of
In extending the metric to the framed directions, there is an important difference between the case of instantons over the non-compact space H and over the compact space P 1 (H). Let M denote either of these spaces. If M = H we require elements of
F 1c this condition implies that lim |q|→∞ Λ(q) is finite and independent of the direction. For this reason, on H we can take infinity as our framing point.
To extend the metric, we need to select representatives of elements in T [ω] F 1c in a way compatible with (6) . That is, if d ωΛ is such a representative, it needs to be orthogonal to any trivial element in the same equivalence class,
for all d ω Γ ∈ d ω (Λ 0 c0 (M, ad(P ))). Therefore, we obtain the condition
For M = H, imposing (137), also known as Gauss's law, results in the identification of T [ω] F 1c with the space of elements d ω Λ which are circle invariant, have finite L 2 norm and are orthogonal to all the infinitesimal bundle automorphisms vanishing at infinity. We can therefore extend the L 2 metric on
(u, v) = 0 as u is orthogonal to the tangent space to the gauge group orbits while v is parallel. Hence
is a product metric.
For M = P 1 (H), the operator d † ω restricted to the image of d ω is injective, so that (137) only has the trivial solution d ωΛ = 0 [13] . Therefore, there is no way to select representatives of the equivalence classes in (133) in a way which is compatible with ·, · . Instead, we can select a non-trivial element to serve as a basis of T [ω] F 1c , and express any other element as a multiple of it. As discussed in Section 3, see in particular Proposition 9, the Higgs field Φ is a non-trivial infinitesimal bundle automorphism, and so [d ω Φ] 0 is a natural candidate for a preferred element of
For the same reasons as in the non-compact case,
is then a product metric on M 1c . While our definition of the metric in the framed directions clearly depends on picking a gauge, our choice appears to be essentially canonical in the context of circle invariant instantons. At least, we do not see any other way of satisfying all the requirements discussed in Section 3.
Computation of the metric
We have a 4-parameters family of anti self-dual circle-invariant 1-instantons depending on the moduli λ, α, β, χ. The relation between the real parameters α, β and the complex parameter m is given by (84). Let ω be a circle invariant 1-instanton, A = s * ω for some section s. Since a gauge potential A is enough to determine a connection ω on P , we will work with A rather than ω, and denote by φ A the pullback s * Φ of the associated Higgs field Φ = ω(ξ). For u one of the moduli, write δ u A for dA/du. Since A(u) is anti self-dual and-circle invariant for any value of u, δ u A is also anti self-dual and circle-invariant. If u is one of the unframed moduli λ, α, β, projection orthogonally to the orbits of G is obtained by replacing δ u A with
where * denotes the Hodge operator with respect to the metricĝ = dq dq on H, and
is of the form
The factor of R 2 has been inserted for future convenience.
has an SO (3) under space rotations follows since the induced action on P 1 (H) is an isometry and tangent vectors to M f 1c transform by pullback. Let us consider the action of space and phase rotations on a gauge potential A λ with unframed moduli λ and associated Higgs field φ A λ . Up to equivalence, phase rotations are of the form exp(Rφ A λ χ) with χ ∈ [0, 2π) the modulus in the framed direction. Under phase rotations λ is clearly invariant. The Higgs field gets conjugated but its asymptotic value, and hence χ, stays unchanged.
Consider now space rotations. The action of an element
on a point (λ, m ∈Ĉ) of the moduli space leaves λ invariant and acts on m as a rotation,
hence λ transforms as a vector. The modulus χ is the ratio between the asymptotic norms of an infinitesimal bundle automorphism Λ and of R φ A λ . As both Λ and φ A λ transform by pullback, χ is invariant under space rotations.
Let us now compute the unknown functions f R , g R , h R appearing in (143).
Lemma 12. The function f R is given by
Proof. Consider the variation of the gauge potentialÂ λ , see Equation (34), with respect to the collective coordinate λ,
It already satisfies the orthogonality condition (139)
asÂ λ is in a transverse gauge and satisfies ∂ i (Â λ (∂ i )) = 0. Its squared norm is
Multiplying by the conformal factor R 4 (R 2 + |q| 2 ) −2 and integrating over H yields
To compute the integral switch to spherical coordinates x = r sin κ sin θ cos φ, y = r sin κ sin θ sin φ, z = r sin κ cos θ, w = r cos κ, (151) with r = |q| ∈ [0, ∞), θ, κ ∈ [0, π], φ ∈ [0, 2π), and volume element
The angular integral contributes a factor 2π 2 , the volume of S 3 , therefore
(153)
Lemma 13. The function g R is given by
Proof. Because of spherical symmetry, it is enough to consider the variation with respect to e.g. α. LetÂ λ,α = g α,0 a λ ·Â R . Using (22) we get
Its variation with respect to α, evaluated for α = 0, is
We now need to project δ α A λ,α orthogonally to the gauge group orbits. Here we partially follow [9] . First notice that, since A λ is irreducible, the Laplacian d
and
From (156) we have
Multiplying by the conformal factor R 4 /(|q| 2 + R 2 ) 2 and integrating we get
By using (222) we have
This quantity is computed in Appendix D, see Equation (231). The result is
with γ 1 = −(yi + zj + wk). The quantity (φ
By using (162), (163) and (221) we have
Integrating we get
Taking the difference of (160), (165) we finally obtain
Lemma 14. The function h R is given by
Proof. Working in the gauge (123), we have φÂ
Integrating over P 1 (H) we get
Putting together Proposition 11 with Lemmas 12, 13 and 14 we obtain the following theorem.
with λ ∈ (0, R], χ ∈ [0, 2π) and
The metric of Theorem 15 is in agreement with the L 2 metric on the unframed moduli space of 1-instantons on the 4-sphere calculated in [9] .
Both f R and g R depend only on the ratio λ/R, hence we write (171) is invariant under the transformation λ/R → R/λ, m/R → −R m/|m| 2 which maps a gauge potential into an equivalent one. In terms of the angles α, β, the transformation m/R → −R m/|m| 2 is simply the antipodal mapping α → π − α, β → π + β. To ease notation, we set x = λ/R.
The functions f and g are plotted in Figure 3 . The function f is strictly positive and monotonously decrescent in (0, 1], while g is non-negative and monotonously decrescent. At the endpoints we have
While the metric is finite on the boundary of the moduli space, a calculation shows that its scalar curvature diverges as x → 0, see Equation (178). 
Properties of the metric and behaviour for
has an SO(3) × U (1) symmetry. Because of circle invariance, only the SO(3, 1) subgroup of the SO(5, 1) symmetry group of Yang-Mills equations acts on the unframed moduli space. The L 2 metric on M 1c is not conformally invariant, hence its symmetry group is SO(3) ⊂ SO(3, 1). The U (1) factor comes from the Sp(1) structure group reduced to the U (1) subgroup commuting with the asymptotic value of the Higgs field.
The radii of the SO(3) and U (1) orbits differ in their λ-dependence. The SO(3) orbits are 2-spheres of squared radius R 2 g which monotonically increases from the centre x = 1 of the moduli space, the only fixed point of the SO(3) action, towards the boundary x = 0. The U (1) orbits are circles of squared radius R 2 x 2 f which monotonically decreases from the centre towards the boundary, see Figure 4 . Since x 2 f (x) → 0 as x → 0, the boundary of the moduli space is a fixed point set of the U (1) action where the circle fibration collapses to zero size.
We have calculated the scalar curvature s of g M f 1c making use of the Mathematica computer algebra system, see Figure 5 . The function s(x) is everywhere positive for x ∈ (0, 1] with the value at the standard instanton x = 1 being
It diverges to plus infinity for x → 0, the leading behaviour near x = 0 being
plus terms vanishing in the limit x → 0. . In the limit x → 0 it diverges to plus infinity.
Let us consider the
. By (84) we have
which in the limit R → ∞ becomes four times the Euclidean metric on R 2
Hence using (175), (176) we have
We would like to compare (181) with the metric on the moduli space of circle-invariant instantons on H R 4 . The metric on the moduli space of instantons over flat R 4 is the flat metric on R 4 × (R 4 ) * /Z 2 , with (R 4 ) * = R 4 \ {0} [12] . The first factor parameterises the instanton centre on H, the second combines the instanton scale on H and the S 3 /Z 2 coming from the structure group. The group Z 2 acts on the second factor as a reflection about the origin.
For circle-invariant instantons, the instanton centre has to lie in the plane fixed by the rotation, and bundle automorphisms have to preserve circle invariance. We obtain therefore the flat metric on R 2 × (R 2 ) * , in agreement with (181). 3 In order to check that the numerical coefficients multiplying the flat metrics on the two R 2 factors also agree, below we compute the metric on the moduli space of circle-invariant instantons over H.
Theorem 16. The L 2 metric on the moduli space of Sp(1) circle invariant instantons over H is
with u ∈ [0, 2π).
Proof. As we saw in Section 2, in the limit R → ∞ the (ν, n) and (λ, m) parameterisations become equivalent, so we are free to use the (ν, n) parameterisation (26) which is more convenient for instantons on H. The circle-invariant instanton of centre n and scale ν on H is
with n ∈ C. Since A ν,0 has the same form asÂ ν , for the modulus ν we just need to repeat the calculations that we did for P 1 (H) but without multiplying by the conformal factor R 4 /(R 2 + |q| 2 ). We obtain
3 Note, however, that since the curvature of any translation-invariant self-dual connection has infinite L 2 norm, Euclidean monopoles cannot be obtained from instantons on H.
For the framed moduli we need to consider the L 2 solutions of (137) which commute with the circle action on H. By translational symmetry of H, it is enough to do so for n = 0. Denote by A ν = A ν,0 . It is convenient to work in singular gauge, obtained via the gauge transformation generated by g =q/|q|,
In order for exp(Λ) to commute with the circle action on H, we take the ansatzΛ = a(r)i, with r = |q|. Equation (137) with respect to the global gauge potential (185) becomes then the ODE
which has the normalisable solution
where u ∈ R is an arbitrary constant. Thereforē
Its squared norm is
The range of ν in the parameterisation (26) is (0, ∞), while the range of λ in the parameterisation (33) is (0, R), but the two ranges agree in the limit R → ∞.
For the translational moduli n 1 , n 2 we have e.g. δ n 1 A ν,n = −∂ 1 A ν,n , which is not orthogonal to the gauge group orbits. However
where ι 1 denotes the insertion of the vector field ∂ 1 , satisfies by virtue of self-duality and of the Bianchi identity the orthogonality condition d † Aν,n (δ n 1 A ν,n ) ⊥ = 0. Since
integrating over H we get
Therefore, the metric on the moduli space of circle-invariant 1-instantons over H is
with the factor 1/4 arising because of the Z 2 quotient.
The result is in agreement with (181) apart from the numerical factor of 1/4 (instead of 1/2) multiplying du 2 . The fact that there is a discrepancy is not surprising, as in the limit R → ∞ the norm of the Higgs field φ vanishes, so that φ is not a good infinitesimal automorphism anymore. In fact, the Euclidean limit of hyperbolic monopoles is subtle, and it is obtained by allowing the weight of the lifted circle action to also diverge [1, 11] . However, the reason why in the R → ∞ limit g M f 1c
and (182) differ by exactly a factor 1/2 in their framed parts is not clear to us.
Geodesic motion on M f 1c
Because of spherical symmetry, we can assume without loss of generality that motion is taking place in the equatorial plane α = π/2. The conservation laws associated to the Killing vector fields ∂ χ and ∂ β are, with x = λ/R ∈ (0, 1],
where˙denotes differentiation along an affinely parameterised geodesic.
The constants D and C have the physical meaning of angular momentum with respect to, respectively, space and phase rotations. The quantities g, x 2 f can be thought of as the corresponding moments of inertia. Note that x 2 f is an increasing function of x, while g is a decreasing function, see Figure 4 . Since the size of an instanton increases with x, the moment of inertia with respect to phase rotations grows as customary with the size of the instanton, while the moment of inertia with respect to space rotations behaves the opposite way.
For an affinely parameterised geodesic, the conservation laws (194) givė
corresponding to a 1-dimensional motion of a particle of mass m = 2 with zero energy in the effective potential
A plot of V for generic values of C and D can be found in Figure 11 . Motion is only possible in the region where V ≤ 0. Points where V vanishes are inversion points for the λ-motion. The potential V diverges to plus infinity for x → 0 unless C = 0, and for x → 1 unless D = 0. Therefore x = 0 is a root of V if and only if C = 0 and D 2 = g(0). Similarly x = 1 is a root if and only if D = 0 and C 2 = f (1). Hence a non-zero angular momentum with respect to phase rotations prevents the instanton from shrinking to zero size (x = 0), while a non-zero angular momentum with respect to space rotations prevents it from reaching maximal size (x = 1). For any fixed value of x, the region in the (C, D)-plane in which V has at least one root is bounded by the ellipse with semiaxes x √ f , √ g. A numerical approximation of the union of these regions as x varies in (0, 1) is depicted in Figure 6 . Since C, D only appear quadratically in (196) we can focus on the case C ≥ 0, D ≥ 0. For C = 0 = D, V has at most two roots: The functions 1/(f λ 2 ) and 1/g are convex, and a linear combination with positive coefficients of convex functions is convex. Since a convex function cannot take the same value more than twice, the quantity C 2 /(f x 2 ) + D 2 /g has at most two roots. For generic values of C and D, V has two roots, corresponding in Figure 6 to the two ellipses passing through any point not on the boundary, or no roots. The limiting case in which V has two coincident roots corresponds to points (C, D) lying on the envelope of the family of ellipses with semiaxes x √ f , √ g parameterised by x ∈ (0, 1). Such points solve the system of equations
The boundary values of C, D depicted in red in Figure 6 can be described as follows. At p 1 = ( f (1), 0), V has root x = 1, which is part of the moduli space. At p 0 = ( f (1), 0), V has root x = 0, which is not part of the moduli space. Along the boundary curve from p 0 to p 1 the single root of V takes all values in [0, 1] . For all the points on this curve it has multiplicity two, except at the endpoints p 0 , p 1 where it has multiplicity one. Along the oriented line from p 0 (respectively p 1 ) to the origin V has a single root with multiplicity one which moves from x = 0 at p 0 (respectively x = 1 at p 1 ) to arbitrarily close to x = 1 (respectively x = 0) at the origin. "Frustration" at the origin is avoided since V has no roots for C = D = 0. The curve between p 0 and p 1 is not far from being linear. For comparison, the straight line segment p 0 p 1 is shown in Figure 6 as a blue dashed line. Next we discuss the instanton motion corresponding to these different cases. In general, it follows from (194) thatβ increases from the centre (x = 1) to the boundary (x = 0) of the moduli space, whileχ behaves in the opposite way. Figures 7, 8, 9 , 10 show the image of the curve
on the the equatorial section α = π/2 of M 1c B 3 R for various kinds of geodesic motion. The χ fibration is not shown. The curve has been obtained by numerical integration. Points on the boundary x = 0 of M 1c are represented in red.
For C = D = 0, we have incomplete geodesics with the instanton shrinking to zero size (x = 0) in finite time, see Figure 7 . The angle χ is constant for x ∈ (0, 1]. It becomes undefined at the singular boundary x = 0 where the circle fibration collapses to zero size. The angle β is constant but for possibly changing value at x = 1, where g vanishes. This happens if the size of the instanton is initially increasing. As x reaches its maximum value x = 1 the instanton centre jumps to its antipodal point, i.e. (α = π/2, β) → (π − α = α, π + β). From that moment onwards, x decreases as the instanton shrinks, eventually reaching zero size, while β stays constant. For C = 0, D = 0 we also have incomplete geodesics with the instanton size x decreasing from the value of the only root of V to x = 0 in finite time, see Figure 8 . The angle χ is constant, whileβ has constant sign equal to the sign of D. Therefore, the instanton hits the boundary of moduli space at an angle which is neither radial nor tangential, moving along a spiral. The limiting case in which the only root of V is x = 0 corresponds to an instanton with zero size, undefined χ and β linearly varying in time as β(t) = β(0) + (D/g(0)) t, but does not belong to the moduli space.
For D = 0, C = 0 we have bounded orbits, see Figure 9 . Starting from its minimum value x 0 , equal to the only root of V , the size x of the instanton increases to its maximum value x = 1, and then decreases again to x 0 , with β flipping by π as x reaches the value of one and staying constant otherwise. The quantityχ has constant sign equal to the sign of C. In the limiting case x 0 = 1 we have an instanton of constant size, undefined β (the instanton is sitting at the centre of the moduli space hence the polar angle is not defined) and χ varying linearly in time as χ(t) = χ(0) + (C/f (1)) t.
For C = 0 = D we also have bounded, generally not closed orbits, with x bouncing between the values x 0 , x 1 ∈ (0, 1) of the two roots of V , see Figure 10 . The frequency of the motion increases as the area of the region bounded by the graph of V and the x-axis decreases. Both β and χ are varying withβ,χ having constant sign. In the limiting case x 0 = x 1 we have an instanton with constant x = x 0 , and β, χ varying linearly in time as 
Conclusions
Our parameterisation of circle-invariant 1-instantons on the 4-sphere in terms of the 3-dimensional coset SL(2, C)/SU (2) has a simple interpretation: suitably chosen parameters on the coset give the size of the instanton and its position on an equatorial 2-sphere which is kept fixed by the circle action. The instanton size is positive but at most equal to the radius of the 4-sphere, with equality corresponding to a uniformly spread out instanton. Framing adds a single internal phase degree of freedom, leading to a 4-dimensional moduli space. The L 2 metric we have computed has the expected SO(3) × U (1) symmetry, but we have not been able to ascertain any other special feature, like a Kähler structure. However, the symmetry is sufficient to determine geodesics and to understand their generic features. These turn out to be remarkably similar to those found for degree one lumps on a 2-sphere in [14] .
In fact, such lumps are also characterised by a size parameter taking values in a finite interval, a position on the 2-sphere, and an internal phase. For lumps, the phase is SU (2)-valued, the moduli space six dimensional, and the isometry group is SO(3) × SO(3). Nonetheless, the geodesic behaviour is similar to that found here, essentially because of similar properties of the momenta of inertia with respect to spatial and internal rotations. In both models, the former decreases and the latter increases with the size of the soliton. This behaviour is the basic reason why, for generic geodesics, the size parameter oscillates while the solitons spin both in space and phase.
The circle action and associated Higgs field play an essential rôle in the definition of the tangent space and of the L 2 metric in the framed directions. It is therefore not obvious how our discussion of framing can be generalised if circle invariance is dropped. Framing is well understood in the case of instantons on H and one would expect there to be a compact counterpart also for non-circle invariant instantons. However, using the terminology of the Introduction, we do not know a natural way of selecting generators of 'physically relevant' gauge transformations in this case, and have left this issue for a future investigation.
As explained in the Introduction, one motivation for considering circle-invariant instantons is their relation to hyberbolic monopoles. The L 2 metric on the moduli space of hyperbolic monopoles diverges, and it is a long-standing problem to define a natural metric or other geometric structure on this space. Our metric solves this problem at some level, but it does not satisfy all the requirements that have been considered in the literature.
In particular, there is no obvious limit where our metric tends to the L 2 metric on the moduli space of a single Euclidean monopole. Taking the radius R of the 4-sphere to infinity does not work, as we saw in Section 4.4, since this limit does not deform hyperbolic into Euclidean monopoles. Our metric also does not fit into the framework of pluricomplex structures which was proposed in [4, 5] as the appropriate generalisation of hyperKähler structures for the moduli spaces of hyperbolic monopoles.
Nonetheless, the metric we computed is naturally defined in terms of a field theory on the 4-sphere, and the configurations parameterised by our moduli space are bona fide hyperbolic monopoles. The geodesics we have found therefore approximate the motion of hyperbolic monopoles according to a naturally defined flow, namely the time evolution of Yang-Mills theory on R × S 4 R .
The group Sp(2) is the subgroup of SL(2, H) preserving the quaternionic inner product qq. The group Sp(1) is isomorphic to SU (2), Sp(1) = SU (2). For the unit quaternions 1, i, j, k the above correspondence gives 1 = Id 2 , i = iσ 3 , j = iσ 2 , k = iσ 1 ,
where {σ i } are the Pauli matrices. Consider a purely imaginary quaternion q = yi + zj + wk. Using (207) we can identify it with an element q of su (2) . By taking the inner product A, B su(2) = − 1 2 Tr(AB),
we have q, q su(2) = y 2 + z 2 + w 2 =qq consistently with our previous definition. If α, β ∈ Λ(H, sp (1)), we denote by
where * denotes the Hodge operator with respect to the metricĝ. For quaternionic valued forms α, β of degree p and q we have α ∧ β = (−1) pqβ ∧ᾱ. 
B Stereographic projection
In order to be able to take the flat space limit R → ∞ of various quantities, we consider stereographic projection from a sphere of arbitrary radius R. Embed S 4 R in H × R as S 4 R = {(q, v) : |q| 2 + v 2 = R 2 }. Stereographic projection from the north pole p N = (0, R) of S 4 R is then given by the map
with inverse
The map φ N can be extended to a conformal isometry from S 4 R toĤ, the one-point compactification of H, by setting p N = (0, R)
We identify S 4 R with the quaternionic projective space P 1 (H), the quotient space of S 7 
The Hopf projection is given by
Note that for the target space of π H to be the 4-sphere of radius R, we need to take its domain to be the 7-sphere of radius √ R. The Hopf projection descends to an isomorphism π H : P 1 (H) → S 4 R which we use to identify S 4 R with P 1 (H). Its inverse iŝ
In terms of P 1 (H), p N corresponds to the point [R, 0], and stereographic projection from p N to the map
with inverseφ
The mapφ N can be extended to a conformal isometry from P 1 (H) toĤ, by setting (219)
C Behaviour of some quantities under conformal transformations
Let (M, g), (M ,ĝ) be Riemannian n-manifolds. For any smooth map ψ :M → M , p-form ζ ∈ p (M ), gauge potential A on M , we have, with * = * g , * = * ĝ,ζ = ψ * ζ, A = ψ * A, ψ * ( * ζ) = * ψ * gζ , ψ
In particular if ψ is a conformal isometry then ψ * g = 2ĝ and, taking into account that d † A = (−1) np+n+1 * d * , ψ * ( * ζ) = n−2p * ζ , 
In this appendix we compute some quantities needed to calculate (δ α A λ,α ) ⊥ . We make use of the equations of Appendix C for n = 4, M = P 1 (H) with metric
M = H with metricĝ = dq dq. The conformal isometry ψ is inverse stereographic projection from [R, 0], given byφ
N , see Equation (217), and has conformal factor 2 = R 4 /(R 2 + |q| 2 ) 2 . If ζ is some quantity defined on P , we denote byζ = (φ −1 N ) * ζ, the corresponding quantity onP . Vice versa, ifυ is some quantity defined onP , we denote by υ = (φ N ) * υ the corresponding quantity on P .
Let us first calculate
Write (q dq) = γ k dx k , with 
Writeû = (R 4 /(R 2 + |q| 2 ) 2 )δ αÂλ,α , then * dÂ
By using x j γ j = 0 and (226) we get ∂ j (û(∂ j )) = 2R 3 (λ 2 − R 2 ) γ 1 (λ 2 + |q| 2 )(R 2 + |q| 2 ) 3 .
By using [γ j , ∂ j γ 1 ] = 4γ 1 we get
Hence (φ
In order to compute (φ 
